We consider the rising phenomena which occur in sticking solutions of a two-degree of freedom impact oscillator. We describe a mathematical formulation for modelling such a systems during both free flight and during sticking solutions for each of the masses in the system.
In this paper we consider the so called rising phenomena which occur in sticking solutions of a two-degree of freedom impact oscillator. The impact oscillator consists of two masses, coupled with springs and dashpots, where the motion of both the masses is restricted by rigid constraints. Such systems have a range of applications as, for example, in machines with clearance and backlash [1] . Several authors have considered the nonlinear dynamics associated with two degree of freedom impact oscillators [2] [3] [4] [5] . In particular, the bifurcation behaviour of two degree of freedom impact system with a single impact constraint has been studied in detail [6] [7] [8] . More general studies of multiple degree of freedom impact oscillators have also been carried out [9] [10] [11] .
Chatter and sticking are phenomena which occur in a wide range of impact oscillator systems. Studies of chatter and sticking have been carried out for both single degree of freedom impact oscillators in [12] and for two degree of freedom systems by [13] . The behaviour of periodic sticking motions in both single and multi degree of freedom systems is considered by Toulemonde and Gontier [14] , and the authors make reference to the "rising bifurcation" which they demonstrate occurs for a two degree of freedom system. It is this so called rising behaviour which forms the focus for the current study.
Sticking in impact systems is mathematically analogous to sliding in electrical systems [15] . The sliding orbits in these electrical systems have been shown to exhibit particular types of sliding bifurcations under parameter variation [16] . In fact there are four types of sliding bifurcation which can occur [17] , for which the normal form mappings have been derived [18] . A multi-sliding bifurcation is one of the four cases, which occurs in the systems studied by [16] [17] [18] , Previous physical manifestations of the multi-sliding bifurcation have been studied in models of relay feedback systems [16] and friction oscillators [19] . The multi-sliding bifurcation can also be related to the rising phenomena observed in vibro-impact systems -a connection which was first reported by [20] . In this paper, we examine the rising phenomena found in a two-degree of freedom vibroimpact system as a system parameter is varied, and find similar results to [14] regarding the drop in sticking time. We demonstrate using numerical simulations that rising and multi-sliding are qualitatively equivalent bifurcations events by observing that the sticking solutions become tangent to the boundary of the sticking region at a rising eventanalogous to results for sliding orbits shown by [18] .
Mathematical model
We consider a coupled two degree of freedom system, which is shown schematically in figure 1 . The governing equations for the system away from impact can be expressed as
where x Then equations (1) and (2) can be written in the form
where 
where
is the diagonal matrix of the eigenvalues, λ j , j = 1, 2.
In this modal formulation, we define the vector ψ i = {Ψ i1 , Ψ i2 } T , such that an impact occurs when ψ
Hence equation (4) is valid only for (ψ T i q−s i ) ≶ 0 ∀s i ≷ 0, which is equivalent to the condition that (x i − s i ) ≶ 0 ∀s i ≷ 0 for the ith impacting mass.
We can simplify equation (4) such that for each modë
Equation (5) has the well known exact solution for under-damped oscillations 0 < ζ j < 1 [21] , so that we can solve for each mode exactly, and hence find the total displacements x 1 , x 2 -see [13, 22] for further details. Without loss of generality, this formulation can be considered in either a dimensional or a nondimensional form [22] -in the following work we assume all parameters and variables are nondimensional.
Modelling impact events
When (x i − s i ) = 0 for i = 1, 2 an impact occurs and an instantaneous coefficient of restitution rule is applied. A single isolated impact occurs when for the ith mass x i = s i ,
This type of impact may be modelled using an instantaneous coefficient of restitution rule [23] such thaṫ
where, t − is the time just before impact, t + is the time just after impact and r is the coefficient of restitution with a value in the range r ∈ [0, 1]. In matrix form the coefficient of restitution rule can be written asẋ
where for the systems being considered there are three different cases for the [R k ] matrices
corresponding to mass 1 impacting, mass 2 impacting and simultaneous impact of both masses.
In modal form the coefficient of restitution rule, equation 7, becomes
This leads to the relation for the modal velocities after impacṫ
is the set of matrices which represents a linear transform of modal velocities just before impact to modal velocities just after impact for the 3 possible impact cases.
Sticking solutions
For this system there are two possible sticking regimes; when x 1 = s 1 and when x 2 = s 2 . There is also a dual sticking regime when both x 1 = s 1 and x 2 = s 2 simultaneously, but this will not be considered here. Each regime has a reduced set of governing equations with explicit solutions [22] .
In the case where mass 1 sticks x 1 = s 1 andẋ 1 = 0, so that the equations of motion reduce to a single equation; equation (2) which becomes (with A 2 = 0)
The force which holds the mass against the stop during sticking, from equation (1) is given by
Equation (11) has the exact solution
whereω n = k/m,ζ = c/2mω n andω d =ω n 1 −ζ 2 . At the start of the sticking period t s = t and the constants C 1 and C 2 can be found using the initial conditions x 1 (t s ) = s 1
The change from free motion of both masses to one mass sticking represents a reduction in the degree of freedom of the system from 2 to 1. The initial conditions for equation (13) can be taken directly from the values of x 2 andẋ 2 immediately prior to a sticking phase when x 1 = s 1 andẋ 1 = 0. The sticking phase ends when F 2 becomes zero and changes sign at which time t = t f .
In the case x 2 = s 2 andẋ 2 = 0, the reduced equation of motion is given bÿ
The force which holds the mass against the stop during sticking is given by
Equation (14) has the exact solution
whereω n = k/m,ζ = c/2mω n , ω * d =ω n 0.5 −ζ 2 , t 0 is taken at the start of the sticking period and
As with the preceding case the initial conditions for equation (13) can be taken directly from the values of x 1 andẋ 1 immediately prior to a sticking phase when x 2 = s 2 anḋ x 2 = 0. These initial conditions allow us to compute the constants C 1 , C 2 and C 3 [22] .
The rising event
In this section we consider the example of a periodic sticking motion which exists for 
The rising/multi-sliding bifurcation
The relationship F i = 0 (equations 12 and 15) defines the boundary in phase space where sticking ends, which we denote as ∂S. For sticking to exist the condition F i s i > 0 must apply, which in this case is the region on the positive side of the boundary ∂S [22] .
Considering sticking solutions in isolation from the rest of the periodic orbit, means that when a rising event occurs it can be considered as a bifurcation of the sticking solution. In figure 6 we have plotted the sticking solution for the rising example in figure   4 projected into t, x 2 ,ẋ 2 : time, displacement and velocity. Here the solid line indicates the sticking orbit and the dashed line the boundary of the sticking region defined by ∂S.
In figure 6 (a) the solution is just before rising, and in (b) just after rising. In each case the sticking solution coalesces with the boundary (i.e. it exits the sticking region) and in Figure 6 (a) the orbit comes very close to an additional tangential intersection with the boundary (i.e. just be for rising). In figure 6 (b) the orbit exits the region for a short time between −0.2 ≤ x 2 ≤ −0.15 -this is the post rising behaviour. We note also from Figure 6 that at the point of rising bifurcation the sticking orbit touches the boundary ∂S tangentially, as opposed to when it exits the region when the intersection with the boundary is transversal. The tangential nature of the rising event has similarities to the grazing bifurcation [24] which also occurs in these systems.
In fact this bifurcation is analogous to the multi-sliding bifurcation for sliding orbits, discussed by [16] [17] [18] . In the electrical systems exactly the same scenario occurs, where an orbit restricted to a switching manifold touches the boundary of the region tangentially at the point of bifurcation. Hence for sticking solutions we can refer to the occurrence of a rising bifurcation as a multi-sliding bifurcation.
Conclusions
In this paper we have considered rising phenomena which occur in sticking solutions of a two-degree of freedom impact oscillator. For this type of oscillator, exact solutions exist during the sticking phases of motion. We have shown numerical simulations of typical sticking solutions, and a rising event which occurs as the forcing frequency parameter is varied. From these numerical simulations we have observed similar results to [14] regarding the significant reduction in sticking time as a rising bifurcation occurs. In fact we have shown how the sticking time first separates into two distinct parts, one of which rapidly reduces to zero as the system parameter is increased. Within the sticking region we have shown how rising is qualitatively similar to the multi-sliding bifurcation for sliding orbits.
This has been achieved by observing that the sticking solutions become tangent to the boundary of the sticking region at a rising event -analogous to previously published results for sliding orbits in relay feedback and friction oscillator systems.
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Figure Captions
• Figure 1 Schematic representation of an N degree of freedom impact oscillator with multiple motion limiting constraints.
• Figure 2 Example time series of sticking orbit for two degree of freedom system.
Solid line x 2 , broken line • Figure 3 Phase portrait of time series shown in Figure 2 . Solid line x 2 , broken line
• Figure 5 Proportion of sticking time of mass 2 as a ratio of forcing period.
• Figure 4 Rising bifurcation in a two degree of freedom impact oscillator. Solid line • Figure 6 The sticking trajectories in t, x 2ẋ2 space. Solid line sticking, dashed line 
